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Abstract. Both nuclearspin cooling and Pt-NMR thermometry are two partsobe and the same
thermodynamic process. It arises from the solubbrihermodynamic field equations for boundary and
initial values that can be controlled in the pracegnuclear cooling and pulsed NMR on high-pubityk
platinum samples, respectively. The temperaturesored down to 1QK agrees with that calculated by
numerical solution of thermodynamic field equatiowgth an uncertainty below 5% in the whole
investigated temperature range fromutOto 10 mK.

1. Introduction

Pulsed nuclear magnetic resonance (NMR) on platirsuthe only established method
available at present for thermometry below 1 mK3]14t consists of measuring the
magnetisation of the nuclear spin system withinamm@e of metallic platinum, and
relating it to temperature through the thermal estitnction. There are, however, a
number of requirements which have to be complieth wa order to obtain reliable
results. All these requirements have been invesiigaystematically and form the main
subject of a previous status report [4]. In cordtinen of the investigations on pulsed Pt-
NMR thermometry at ultra-low temperature, the ekpental platform of the PTB
Mikrokelvin Facility in Berlin [5,6] has been impred by a platinum nuclear cooling
stage for providing the direct measurement of thelear spin temperaturé. The
measurement offy by pulsed Pt-NMR is based on the spin dynamicscrdesi
phenomenologically by a proper thermodynamic fidghdory. In order to test the
thermodynamic consistency of the Pt-NMR thermomdtrg measured temperature has
to be compared to that determined by a proper théymamic field theory of nuclear
spin cooling. That is the objective of the prederdl report.

2. Thermodynamic field theory

Thermodynamics ofiuclear spin cooling is a field theory with the mabjective
to determine the nuclear spin temperailjg,t) and the conduction electron temperature
Te(x,t) in all pointsx of a metal and at all timds The required field equations can be
derived from the kinetic theory of conduction eteats and nuclear spin relaxation.

If fo(x,p,mst)d’xd®p denotes the number of free electrons in the plspsee

element &d*p with z-spin m, D[—%,%] , the phase densify(x,p,ms,t) will satisfy the
Boltzmann transport equation
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where Sy is the collision term, which is primarily deterraoh by Fermi contact
interaction of the conduction electrons with thelau
The state of the atomic nuclei in the metal iscdbed by the probability density

w(x,my,t), wherebyw(x,m,,t)d*x represents the probability to find a nucleus veith
spin m, O[-1,-1 +1,....,I] in the volume element’d The probability density obeys the
Master equation
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with the production terngye(x,my,t) resulting from the transition probabilities ofabear
spin states due to contact interaction with thedaotion electrons.

Multiplication of the Boltzmann transport equatigh) by the energy of an
electron p*/2m, + mg 4B in the magnetic field (x,t) = (0,0,B(x,t)), integration over
the momentum space, and summation over the spémtation quantum numbersg
provide the energy balance of the electrons
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Analogously, the energy balance of the nuclei camérived by multiplying the
Master equation (2) with the energy of a nuclean spm, g, .,B in the magnetic field,

and subsequent summation over the spin orientgtiantum numbemy. For the energy
balance of the nuclear spin system we get
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nyHAy and ngdenote the products of the number densities of eanckpins and
conduction electrons and their average magnetic entsn respectivelyg, are the

components of the energy flug,, +J * (E + zz./eB) is the heat leak density due to

external sources and eddy currents, Bads the energy production density.

In order to obtain field equations, the energyhbhaé equations (3) and (4) have to
be supplemented by constitutive relations. For phligose, we use the equations of state
for a nuclear paramagnetic system and a strongneéegged electron gas. Then the
average magnetic moments are given by the theatal finctions
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where B(y) is the Brillouin function ander is the Fermi energy. The caloric state
functions for the energy densities have the form
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The energy production densiBge is determined by hyperfine coupling of the
conduction electrons with the nuclear spins invadvia simultaneous electron-nuclear
spin flip. It is given by

2
_ _NOniaBT. HB Oniy B —
P =—-—M=Nfn—re | 2B Amgl, exg =M= Aml |, 7
Ne 2/( [ (Epj}{ N+ X[{ kTe ] —rnN —:| ()
where
1 1

A =expt| ——-—— Bi-1. 8

* X[{ (kTN kTejgNiun:| ()

k is the Korringa constant aneh |, are combinations of Brillouin functions and their

derivatives. From equation (7) it follows that themergy production density is
approximately proportional to the electronic tengpereTe.

The components of the energy flgxappearing in equation (3) also constitute
moments of the phase dendifx,p,mst), viz.
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An energy flux balance following from the Boltzmatransport equation is obtained in
the form
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where the fluX\;; and the productio§ of the energy flux are given by

1/2 © 2
_ p P Pi¢ s

Ni' - S tTMO.4 B]_I_fed p (11)

J %;,ZL(ZmE " Imm

1/2 © 2

_ P, ]pi :

- sgs:u B Se fed p . (12)
3 mS;/z_L(an " )m "

The momentum fluxP; (pressure tensor) includes the electron energysitee,
according to the decomposition
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Insertion of the constitutive equations (5) to )(li8to the energy balance
equations (3) and (4) leads to a set of explieidfiequations for both the nuclear spin
temperatureTy(x,t) und the electronic temperatuiig(x,t). A solution of these field
equations is called a thermodynamic process of eanclkpin cooling. Generally,
thermodynamic processes of nuclear spin coolingnatecontinuous in space, because
the magnetic flux densityB(x,t) exhibits a spatial variation. Consequently, the
temperature field3n(x,t) and Tg(x,t) also show a spatial dependence. The evaluation of
the thermodynamic process of nuclear spin cooleguires the numerical solution of
partial differential equations for boundary andialivalues that can be controlled in the
nuclear demagnetisation experiment.

The measurement of temperature by use of pulseléarumagnetic resonance is a
part of the thermodynamic process of nuclear spwlicg. It has to be kept in mind,
however, that the magnetic flux density in the meag region takes the form
B(x,t) = (B,(x)cosit),0,B,(x)). That means that in addition to the main fidg

aligned parallel t@-axis, there is an oscillating fieBy(x) at the Larmor frequency,
produced by a small coil positioned aloxgxis. Hence, the average magnetic moment
u,is no longer described by the thermal state equgbd and the field equations have
to be extended. For that purpose the Master equé®pis multiplied by the magnetic
moment of a nucleus, which is proportional to itsinsaccording tg, =yQ0 .
y=g.e/2m, is the so-called gyromagnetic ratio. The subsegjesemmation over the

spin quantum numbeny results in the Bloch equation
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describing the dynamics of nuclear magnetisatinrthé relaxation-time approximation,
the production term on the right side of equatibf) (can be expressed by
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M? =n 7, is the thermal equilibrium value of nuclear magsegion in the presence of

the main fieldB, only, which can be calculated from equation (§);and 7, are time

constants characterising the relaxation procesiseofiuclear spin system after it has been
disturbed from its thermal equilibrium state by #wion of the oscillating fiel®;(x). In
order to describe pulsed nuclear magnetic resonar@@surements including radiation-
damping effects, the Bloch equations have to bebooea with the Maxwell equations.

An analysis of the thermodynamic process of putsstlear magnetic resonance
thus requires the solution of the extended fieldatigns. In the case of a cylindrical
platinum rod, the amplitude of the oscillating eation field By(r) is reduced and the
phase is shifted, when penetrating into the metaimple as shown in Figure 1.
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Fig. 1: The excitation fieldB,(r,t) perpendicular to the main fiel@.,e,in a cylindrical
platinum rod of radiua = 1.5 mm, as resulting from the solution of Makiseequations
in matter for an electrical conductivity af,, = 528[10° Q'm™. The excitation field

oscillating at 125 kHz is turned on for 4.



The magnetic field produced by both the demagaiis magnet and the NMR
magnet system determines the thermodynamic pradessclear spin cooling as well as
the temperature measurement by pulsed nuclear magesonance.

3. Experimental set-up

In continuation of previous investigations on pdiggatinum NMR thermometry
at ultra-low temperature, the experimental platfahthe microkelvin cryostat (MKA3)
has been improved by a platinum nuclear coolingestaoviding the direct measurement
of the nuclear spin temperature. The double-staggf the nuclear cooling facility is
pictured in Figure 2.

Fig. 2 : Double-stage setup of the nuclear cooling facilconsisting of thet¢p) main
copper stage, théover) central platinum stage enclosed by an aluminiyhmder stage,
and the iftermediate) heat switch.

The main nuclear cooling stage consists of a dyial copper tube with a length
of 350 mm, an outer diameter of 116 mm, and anrimii@meter of 100 mm. Eighty
vertical slits are placed along a length of 309 mmeduce eddy current heating during
demagnetisation. The total mass of the main s&@e6i7 kg (105 moles copper). Taking
into account the variation of the magnetic fidd over the length of the stage (as
illustrated in Fig. 3), the effective amount of pep in the field is equivalent to 4.15 kg
(65.3 moles copper). On the top flange both theemagmducting heat switch and the
mechanical attachment connect the nuclear cooltageswith the mixing chamber
sample holder of the dilution refrigerator. The exgonducting heat switch consists of
thirty highly pure aluminium foils with a thicknes# 0.1 mm, and the mechanical
attachment is realised by three Vespel tubes ofmis0length.



A second heat switch, consisting of twelve 0.1 thiok aluminium foils, controls
the thermal connection between the main nuclealimpstage and the lower cooling
stage unit. It is located in the field-compensatagglon between both stages, and attached
to two copper plates that are spaced by three Véslpes of 80 mm length. The thermal
and mechanical connection to the upper and lowelirgp stages is realised by three
hollow rods of copper with lengths of 130 mm an@ 2%m, respectively.

The lower cooling stage unit is composed of a re¢milatinum stage and an
enclosed aluminium cylinder stage with a mass 084% (2.07 mole aluminium). The
mass of the platinum stage is 291.75 g (1.5 mo&imim), in which the natural
abundance of the only magnetic isotdp@t is 33.8%. Both stages are connected by
niobium threaded pins acting in the field of dengtgation as intrinsic heat switch. If
the magnetic flux density during demagnetisaticaches values below the critical field
of niobium @B. = 200 mT), the nuclear stages thermally decoupdenfeach other.
Similarly, the aluminium stage becomes superconagethen the applied field is further
reduced below the critical field of aluminiuf.(= 10.5 mT).
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Fig. 3 : (top) Magnetic field profile generated by the two-stagpesconducting magnet
of the microkelvin cryostat MKAS. bpttom) The photo of the double-stage setup
indicates the positions of the nuclear cooling etagnd the Pt-NMR thermometers in the
magnetic field.



To measure the temperature by means of pulsedhyniatnuclear magnetic
resonance (Pt-NMR), three bulk platinum thermonsekeve been installed (as indicated
in Fig. 3). They have been tested on the doublgestatup of the nuclear cooling facility.
The thermometer Pt-NMR #1 is located in a field pemsated region of the
superconducting magnet to measure the electrompdeatureT, on top of the copper
nuclear cooling stage. A high purity platinum radddomm diameter is used to measure
the electronic temperature of the platinum nuckage in a field compensated region.
For this purpose, the bottom end of the platinuthisoscrewed into the central bore hole
of the platinum stage, and at the other end themibmeter Pt-NMR #2 is attached.
Ultimately, the thermometer Pt-NMR #3 is a cylirddly shaped part of the platinum
nuclear cooling stage itself, as visible in the tphof Fig. 3. This thermometer thus
permits to measure the nuclear spin temperatyref the platinum stage in the final
magnetic field.

The measurement of both the nuclear spin temperatumnd the electronic
temperature is based on the thermodynamic procegsilsed NMR in a cylindrical
platinum sample that results from the solutionxdeaded field equations. In order to test
the thermodynamic consistency of the pulsed Pt-NMBrmometry, the measured
temperature has to be compared to that determipexy&uation of the thermodynamic
process of nuclear spin cooling.

4. Testing of the pulsed Pt-NMR ther mometry down to 10 pK

Figure 4 gives an example of a typical nuclear fpeecession signal from a
cylindrical bulk platinum sample at & and in a steady magnetic fidBj = 14.2 mT.
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Fig. 4 : A 10 MHz sampled record of a 125 kHz bulk platm&ID at 79uK in a steady
magnetic fieldBy = 14.2 mT. The blue lines represent the exponledieay of the FID.



The FID signal amplitude is a distorted formw(t) O M, f (F)wsin(wt + g)exp-t/71,),
where w= )B,. Distortion is due to residues of the transmittarst and transients from

the protective preamplifier gates. In addition, signal contains also some ringing after
transmission of the transmitter pulse (as seenign 4. Therefore, only data recorded
after all initial transients have died otity(800 us) are analysed. A signal fitting analysis
results in the determination of the signal ampktid(0) = (1.4009& 0.00052) V), the
frequency V21t = 124.0447@ 0.0754) kHz), the phasep 0.30352: 0.0001197), and
the spin-spin relaxation timer = (0.8463+ 0.000199 ms). The FID signal amplitude
function U(t) fits the recorded data very well, with a meaniaéon x>, =6.9619x10"°
and an adjusted coefficient of determinati®i = 0.99979. Figure 5 shows both the

10 MHz sampled record of the bulk platinum FID 100 ms< t < 1.4 ms and the fitted
FID signal amplitude function.
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Fig. 5: The 10 MHz sampled record of a bulk platinum ElBeady displayed in Fig. 4 is

here shown in the time range from 1 ms to 1.4 rreckbdots). The red graph represents
the fitted FID signal amplitude.

The evaluated FID signal amplitudé0) is proportional to the magnetisatibh.
On basis of the thermal equation of stsligB,, Ty) according to Eq. (5), the temperature
was determined to bBywr = 79 UK. The measured temperature is then compared to tha
calculated from the thermodynamic field theory. émperatureT = 78.3 uK was
obtained by numerical solution of the thermodynafietd equations. This temperature
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corresponds to both the electronic temperaiyrand the nuclear temperatufg in the
bulk platinum thermometer at time just before tmses of the RF pulse. The relative
deviation of measured temperature from thermodyoasmperature seems to be small
((Mywr —T)/T = 08%%). It is plotted in Figure 6, together with resultbtained in

another nuclear cooling experiment [4].
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Fig. 6 : Relative deviation of measured magnetic tempegdaiyr from thermodynamic
temperaturd in a temperature range from [l to 10 mK (blue dots). Error bars denote
statistical and systematic uncertainties of measeangés. The red solid lines mark the
thermodynamic uncertainty of the platinum NMR-basgetmometry.

The statistical and systematic uncertainties (dddequadrature) of the pulsed
platinum NMR were determined from replicate measumets. Thereby, the systematic
uncertainties are mainly due to calibration of FteNMR thermometer at temperatures
above 15 mK.

Although the relative deviationT{wr-T)/T is small over three decades of
temperature, it is systematic and increases torlaemperature. This is caused by the
uncertainty of thermodynamic field theory, which based on the kinetic theory of
degenerate non-relativistic electron gas and nudpim relaxation. In order to improve
the thermodynamic field theory, both electron andl@ar spin correlations (for platinum
in particular) have to be considered. In fact, thserved systematic deviation of the
measured magnetic temperature from the thermodynatemperature can be
considerably reduced by introducing an effectivecebn mass. Another adjustable
parameter includes various heat leaks in nuclesigeeation. Even though adjustable
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parameters can be found that most closely matcimtdgnetic temperatures measured in
nuclear cooling experiments, they must be deterthiotherwise (e.g. susceptibility
measurements). This was done in order to estingteogimately the thermodynamic
uncertainty of the platinum NMR-based thermomaetryich is visualised in Figure 6.

Preliminary results of nuclear spin temperatureasneement on the
platinum nuclear stage confirm its thermodynaminsistency. The relative deviation of
the measured nuclear spin temperature from thelleédd thermodynamic temperature
Tn exhibits a more distinct characteristic tempemtdependence than that found in
nuclear refrigeration of copper. This is due to #ectron configuration in platinum
metal. The thermodynamic uncertainty of the plainNMR-based thermometry,
however, has been estimated to be below 5% (as tharkég. 6).

5. Conclusion

Pulsed Pt-NMR on high-purity bulk samples has bee®d to measure
temperatures down to JK. The measured temperature agrees with that eaémlilby
numerical solution of thermodynamic field equatidies given boundary and initial
values of a nuclear demagnetisation process withnaertainty below 5% in the whole
investigated temperature range from#0to 10 mK. Thus the NMR-based temperature
scale [7] has been extended to three orders of itoagn In order to establish this ultra-
low temperature scale, both a comparison of th&IMR thermometer with primary
thermometers (such as noise thermometer) and a&ndiisation of the scale using
superconducting fixed points have to be realised.
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